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IV.11. Angular Momentum algebra and Spin

11.1. Angular Momentum

Classically, the angular momentum of a particle is given by, 
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We will obtain the eigenvalues of angular momentum operator by algebraic technique.

Eigenvalues:

The operators Lx and Ly do not commute.

1. ][][ zxyzyx xPzP,zPyPL,L 

            zyzzxyxz xP,yPxP,yPzP,zPzP,yP 

     0],[],[  zyxz xPzPzPyP

Since, [ ir , ir ] = 0 and [ iP , iP ] = [ jP , jP ] = [ kP , kP ] = 0

 [ yx L,L ] = xyP [ zP  , Z] + yxP  [Z , zP ]

Since [x , P] = i  and [P , x] = i



*Mudra*                                       Physical Sciences For NET & SLET Exams Of UGC-CSIR

2
_____________________________________________________________________________
Part B&C (Derivatives)                    [Volume-11]                    www.mudraphysicalsciences.com

 [ yx L,L ] = xyP ( i  ) + yxP  (i )

                        =  zy yPxPi 

            [ yx L,L ] = zLi

Similarly,

2. [ zy L,L ] = [ xyzx yPxP,xPzP  ]

                         = [, xzP yxP ] – [ zxP , yxP ]   [ xzP , xyP ] + [ zxP , xyP ]

                         = [ xzP , yxP ] – 0 – 0 + [ zxP , xyP ]

                         = yzP [ xP , x ] + zyP [ x , xP ] 

 [ zy L,L ] = yzP ( i ) + zyP ( i )

                       = i ( zyP – yzP )

       [ zy L,L ] = xLi

3.              [ xz L,L ] = [ yzxy zPyP,yPxP  ]

                  = [ yxP , zyP ] – [ xyP , zyP ] – [ yxP , yzP ] + [ xyP , yzP ]

                  = [ yxP , zyP ] – 0 – 0 + [ xyP , yzP ]

                  = zxP [ yP , y ] + xzP [ y , yP ]

                  = zxP ( i ) + xzP ( i )

                  = i ( xzP – zxP )

     [ xz L,L ] = yLi

Now,

(I) [ xy L,L ] = [ yzzx zPyP,xPzP  ]

                    = [ xzP , zyP ] – [ zxP , zyP ] – [ xzP , zPy] + [ zxP , zyP ]

                    = [ xzP , zyP ]  – 0 – 0 + [ zxP , yzP ]

                    = xyP [ z , zP ] + yxP [ zP , z ] 

                    = xyP ( i ) + yxP  ( i ) 

             [ xy L,L ]  = i  ( xyP – yxP )

         = i  ( yxP – yxP )



*Mudra*                                       Physical Sciences For NET & SLET Exams Of UGC-CSIR

3
_____________________________________________________________________________
Part B&C (Derivatives)                    [Volume-11]                    www.mudraphysicalsciences.com

       [ xy L,L ]  = zLi

(II) [ yz L,L ] = [ zxxy xPzP,yPxP  ]

                  = [ yxP , xzP ] – [ xyP , xzP ] – [ yxP , zxP ] + [ xyP , zxP ]

                  = [ yxP , xzP ] – 0 – 0 + [ xyP , zxP ]

                  = yzP [ x , xP ] + zyP [ xP , x ]

                  = yzP ( i ) + zyP ( i )

                  = i  ( yzP – zyP )

                  = i  ( zyP – yzP )

     [ yz L,L ] = xLi

(III) [ zx L,L ] = [ xyyz yPxP,zPyP  ]

           = [ zyP , yxP ] – [ yzP , yxP ] – [ zyP , xyP ] + [ yzP , xyP ]

           = [ zyP , yxP ] – 0 – 0 + [ yzP , xyP ]                      

                      = [ zyP , yxP ] + [ yzP , xyP ] 

                      = zxP [ y  , yP ] + xzP [ yP  , y ]

                 [ zx L,L ] = zxP ( i ) + xzP ( i )

                      = i ( zxP – xzP )

                      = i  ( xzP – zxP )

         [ zx L,L ] = yLi Ly

These are the fundamental commutation relation for angular momentum.

xL , yL and zL  are incompatible observables.

According to the generalized uncertainty principle

  2,
2

122 
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2
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The square of the total angular momentum is,

          2
z

2
y

2
x

2 LLLL 

 (1) ][][][][ 2222
xzxyxxx  , LL , LL , LL , LL 

             zxzxzzyxyxyy LLLLLLLLLLLL ],[],[],[],[0 

                     zyyzyzzy LLiLiLLLiLiL  

             zyzyzyzy LLiLLiLLiLLi  

            0],[ 2 xLL

Similarly, 0],[ 2 yLL

0][ 2 z,LL

   0,2 LL


 2L is compatible with each component of


L . To find eigenstates of 2L and zL .

    AffL 2   and   MfLzf 

Now, Using “ladder operator” technique.

Let, 

yx iLLL 

Now

],[],[],[ yzxzz LLiLLLL 

               xy LiiLi  

            xy LLi  

            ][ yx LiL  

            ][ yx LiL  

Continued with...Page 5 Onwards…. It’s So Goooood!!!,  Buy it now…!
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IV.11. Angular Momentum algebra and Spin


11.1. Angular Momentum 


Classically, the angular momentum of a particle is given by, 
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We will obtain the eigenvalues of angular momentum operator by algebraic technique.


Eigenvalues:


The operators Lx and Ly do not commute.


1. 
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These are the fundamental commutation relation for angular momentum.
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According to the generalized uncertainty principle
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The square of the total angular momentum is,
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Now, Using “ladder operator” technique.
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