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I.3.Linear Differential Equations and Special functions 

1. Solution in Simple cases of ordinary differential equations of second order

Generally an ordinary equation of second order is of the from 

Where P, ,࣫ X, are function of x only.

I. Linear Equations with Constant Coefficients.

The general solution is found by usual methods of finding the complementary function 

and particular integral of the equation. Although the student is presumed to have a sound 

knowledge of the methods to be employed for finding the complementary function and particular 

integral, but still then, we summarize them as below:

Let there be a differential equation of the type 

Where ,  are constants and X is a function of x.

In terms of the D operator, it may be written 

 where D stand for  i.e.; 

Or we may write thus, 

To find the  complementary function (C. F). The X is removed and replaced by zero. 

Then an auxiliary equation is written either by putting  whence, we get 

Or simply writing 

In either case, we get the roots of the quadratic. 

Case I. If the roots are of the type  (real and district) C. F, is 

Case II.  i.e., both the roots are real and equal, C. F, is 

Case III. If the roots are imaginary i.e., of the type  C. F, is 
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Case IV. If the roots are of the type , C.F, is 

Note. The number of the arbitrary constants will be the same as the order of the equation.

To  find the Particular Integral (P.I.) 

We have  which for 

Case I. If  where  is any constant.

Case II. If , where m is a positive integer 

.

Expand  binomially upto mth power of D and then operate  on every term.

Case III. If 

 provided .

In case 

And , which is case I. 

Case IV. , where V is any function of x, then

Case V. If , where V is any function of x, then 

        

 Hence general solution = C. F. + P. I. 

Problem 1.

Now its complementary function and particular integral may be found thus: 

For complementary function, the auxiliary equation is 

C.F. is 
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Particular integral 

  = imaginary part in 

  = imaginary part in 

  = imaginary part in 

   = imaginary part in 

   = imaginary part in 

   = imaginary part in 

   = imaginary part in 

    

Hence the general solution is 

II. Linear Equations with Variable Coefficients (Homogeneous Linear Equations).

Consider, 

Put 

Then 

If we put , we have 

Now substituting these values in (1), we get

Which may be solved by the method employed in I.

Problem 2. 
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Put  and denote  by D; we have 

.

Auxiliary equation is 

Or 

C.F. 

P.I.

  General solution is 

                 

Note. Any equation of the type 

Can be reduced to the homogeneous linear form by putting  or this can be 

solved by putting   as above. 

III. Exact Differential Equations and Equations of other Special types.

The equations of the type

Where  are the functions of x, is said to be exact if 

Or in general an equation of order n (say),

Is exact if 

Where , …  are the successive derivatives of P. 

In case the equation is exact, its integral is 

Where stands for   etc.
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I.3.Linear Differential Equations and Special functions 

1. Solution in Simple cases of ordinary differential equations of second order

Generally an ordinary equation of second order is of the from 
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Where P, 𝒬, X, are function of x only.


I. Linear Equations with Constant Coefficients.


The general solution is found by usual methods of finding the complementary function and particular integral of the equation. Although the student is presumed to have a sound knowledge of the methods to be employed for finding the complementary function and particular integral, but still then, we summarize them as below:


Let there be a differential equation of the type 



[image: image4.png]d’y

dy

y
+p 5+ oy

X






Where[image: image6.png]
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 are constants and X is a function of x.


In terms of the D operator, it may be written 
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Or we may write thus, [image: image16.png]





To find the  complementary function (C. F). The X is removed and replaced by zero. Then an auxiliary equation is written either by putting [image: image18.png]



 whence, we get 
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In either case, we get the roots of the quadratic. 


Case I. If the roots are of the type [image: image24.png]m, and m,




 (real and district) C. F, is 
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 i.e., both the roots are real and equal, C. F, is 
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Case III. If the roots are imaginary i.e., of the type [image: image32.png]atlf




 C. F, is 
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Case IV. If the roots are of the type [image: image36.png]



, C.F, is 
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Note. The number of the arbitrary constants will be the same as the order of the equation.


To  find the Particular Integral (P.I.) 


  We have [image: image40.png]
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 is any constant.
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Case II. If [image: image50.png]



, where m is a positive integer 
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 binomially upto mth power of D and then operate [image: image56.png]



 on every term.


Case III. If [image: image58.png]X =sinax or cosax
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, which is case I. 
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, where V is any function of x, then
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, where V is any function of x, then 
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 Hence general solution = C. F. + P. I. 


Problem 1. 
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Now its complementary function and particular integral may be found thus: 


For complementary function, the auxiliary equation is 
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C.F. is [image: image84.png]





Particular integral [image: image86.png]_ xsinx , (14x7)s7
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  = imaginary part in [image: image88.png]





  = imaginary part in [image: image90.png]





  = imaginary part in [image: image92.png]
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Hence the general solution is 
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II. Linear Equations with Variable Coefficients (Homogeneous Linear Equations).

Consider, [image: image106.png]L
P22+ P,x— +Py =X,
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Then 
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If we put [image: image116.png]



, we have 
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Now substituting these values in (1), we get
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Which may be solved by the method employed in I.


Problem 2.  [image: image122.png]Solve ;‘——x +y =2logx.
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 by D; we have 
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Auxiliary equation is 
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Or 
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  General solution is [image: image142.png]y = (¢, + c,z)e* + 2z + 4









                 [image: image144.png](¢y + c;logx)x + 2logx + 4.






Note. Any equation of the type 
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Can be reduced to the homogeneous linear form by putting [image: image148.png]ax+ b





 or this can be solved by putting  [image: image150.png]ax+b





 as above. 


III. Exact Differential Equations and Equations of other Special types. 


The equations of the type
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Where [image: image154.png]P,,P, and P,
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Or in general an equation of order n (say),
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Is exact if 
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Where [image: image162.png]P'.P




, … [image: image164.png]



 are the successive derivatives of P. 


In case the equation is exact, its integral is 
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Where [image: image170.png]



stands for  [image: image172.png]



 etc.
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