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L.3.Linear Differential Equations and Special functions

1. Solution in Simple cases of ordinary differential equations of second order

Generally an ordinary equation of second order is of the from

2y, pay -
dxz+de+Q}r X

Where P, Q, X, are function of x only.

I. Linear Equations with Constant Coefficients.

The general solution is found by usual methods of finding the complementary function
and particular integral of the equation. Although the student is presumed to have a sound
knowledge of the methods to be employed for finding the complementary function and particular
integral, but still then, we summarize them as below:

Let there be a differential equation of the type
ay gy —
ax? +p1 dr +py=X
Where Py, P, are constants and X is a function of x.

In terms of the D operator, it may be written
&
dx

(D* +p, D + p,)y = X where D stand for :—x ie;D =
Or we may write thus, f(D)y = X
To find the complementary function (C. F). The X is removed and replaced by zero.
Then an auxiliary equation is written either by putting ¥ = ™ whence, we get
m*+pm+p, =0
Or simply writing D* + p,D + p, = 0i.e..,f(D) =0
In either case, we get the roots of the quadratic.
Case L. If the roots are of the type m4 and m, (real and district) C. F, is
Cie™* + C e™®
Case II. m4 = m, i.e., both the roots are real and equal, C. F, is
(Cy+ Cyxje™*

Case IIL. If the roots are imaginary i.e., of the type @ £ I C. F, is
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e™[C, cosfx + C,sin fx] or C,e™ cos(fx + C,).
Case IV. If the roots are of the type ig’?, C.F,is
C,e™ cosh[v"ﬁx + C:)
Note. The number of the arbitrary constants will be the same as the order of the equation.
To find the Particular Integral (P.1.)
We have P.1.= J%which for f(D) =D—a :;;: =e®* [ Xe %% dx.

Case L. If X = €™ where @ is any constant.

a5 _ a5 P -
F.i.= o f':rz}u- fla) =0
Case IL. If ¥ = x™, where m is a positive integer

P.l.=2— ] = [f(D)] 1x™

Expand [f(D)]™* binomially upto m™ power of D and then operate x™ on every term.

CaselIL. If X = slnax or cosax

p.1.=%2 Ex;;z;‘j”x = = E;I,::}DMI provided [ (—u”) # 0,
g4 _ o Einax gha
In case f(—a*) = ﬂ’f.:,gz} Imaginary part of —— o)
And S22 = Real part nF which is case I.

FLL*) J_:,a

Case IV. X = ™ where V is any function of x, then

m 1

- =& = .
Flo] FlD+al)

Case V. If ¥ = x.V, where V is any function of x, then

. =V 1 1 e 1
Pi—co *ro Y ol Do

:{ u:u}f (D j}flﬂ}

Hence general solution=C. F. + P. L.

2. 5
Problem 1. Solve %—}r =x sinx+ (14+x")e*
(D*—1)y=xsinx + (1 + x?)e®
Now its complementary function and particular integral may be found thus:
For complementary function, the auxiliary equation is
D*—1=0o0r D=+1

CF.is Cie* + C,e™
2

Part B&C (Derivatives) [Volume-03] www.mudraphysicalsciences.com



*Mudra* Physical Sciences For NET & SLET Exams Of UGC-CSIR

Particular integral — IDET + [1;:19*‘-’
= imaginary part in ;:_vl +e* |D+1}5 . (1+x%)
= imaginary part in m xt et — (1 +x7
= imaginary part in e D,J;_D_: x+ ;Dfl D} (1+x%)

= imaginary part ing[l - zz.‘I:'-mz]_lx+ H:—x.ﬂ'l{l +:£}_1 A1+ x%)

g

= imaginary part 1n — [1 +22 0

2

+---]x+§ﬂ-1[1—§+D;—---](1+x2j
= imaginary part in E_LZ [x 1] 1 EjD‘l [1 | x2 x| 1]
=imaginarypartin(w)( +i)+= _r( —x —|—%)dx

= ——(ﬂlnx + cosx) + = [—— —+= x]
Hence the general solution is

y=Ce*+Ce™" —%(x sinx + cosx) +%[2x2 —-3x+9)

II. Linear Equations with Variable Coefficients (Homogeneous Linear Equations).

. 2 dz}_ dy
Consider, Pyx =y + P x—— +P,y=1X.

' d= 1
Putx=e*le.,z=logx; ~—==
doe a0

dy dy dg 1 dy

Then —_— = =

dx dz dx X GE

a”y _ 1 ri(lri_}] 1 ay 1 dx ady
" dz

x d= x? dg? x% dz d=
_ 1 fdy _dy
do? do

If we put :—z = D, we have

dy 2d%y a"y
x— =Dy, x* =D(P—1)v,e.x™
dx S 2 ( j"’ dx™

Fi,

=D(D—1)..(0—n+1)

Fi,

Now substituting these values in (1), we get
P,D(D—1)y+P,Dy+P,y =X,

Which may be solved by the method employed in I.

£y

2y dy o _
Problem 2. Solve x T Xty 2logx.
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Put x = & and denote i by D; we have
D(ID—1)y—Dy+y=2z or(D*— 2D + 1)y = 2z,
Auxiliary equation is
D*—2D+1=0

Or (D—1)*=0; ~D =1/ (repeated twice).
CF.=(c; + c,z)e".

2z

L2 =2 +1

Pl= =2[1—(2p—-D¥] .z

=2(14+42D..)z=2(z+2)=2z+4.
~ General solution is ¥ = (¢, + c,z)e* + 2z + 4
=(c; + c;logx)x 4+ 2logx + 4.
Note. Any equation of the type

m—1i

(a+ bx)® :*" +P(a+bx)" V2 + 4 P,y (a+bx) 2+ P,y = F(x)

Can be reduced to the homogeneous linear form by putting z = @x + b or this can be

solved by putting ax + b= e® as above.

III. Exact Differential Equations and Equations of other Special types.
The equations of the type

Pﬁ$+P1:_;+P2}F=G
Where Py, P, and P, are the functions of x, is said to be exact if
P,—P,+P,=0
Or in general an equation of order n (say),
Pﬁ$+Fl%+ "+ By = Q(x)
Is exact if P,—P, ,+-+(—1)"P(n)=0.
Where F‘f,F‘", ... P are the successive derivatives of P.
In case the equation is exact, its integral is
PoVp-1+(Py— P )¥u s + (P — Py + Py )i,y +o
el [Py Plos | 1 ()" Pgn2)y = [0(x) 1 C,

d"y
Where ¥, stands for —on efc.
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Continued with...Page 5 Onwards. ... It's So Goooood!!!, Buy it now...!
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I.3.Linear Differential Equations and Special functions 

1. Solution in Simple cases of ordinary differential equations of second order

Generally an ordinary equation of second order is of the from 



[image: image2.png]@y pIy =
LiPZigy=x






Where P, 𝒬, X, are function of x only.


I. Linear Equations with Constant Coefficients.


The general solution is found by usual methods of finding the complementary function and particular integral of the equation. Although the student is presumed to have a sound knowledge of the methods to be employed for finding the complementary function and particular integral, but still then, we summarize them as below:


Let there be a differential equation of the type 



[image: image4.png]d’y

dy

y
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Where[image: image6.png]



, [image: image8.png]



 are constants and X is a function of x.


In terms of the D operator, it may be written 


[image: image10.png](D*+

P,

D +p,)y=
=X




 where D stand for [image: image12.png]—




 i.e.; [image: image14.png]





Or we may write thus, [image: image16.png]





To find the  complementary function (C. F). The X is removed and replaced by zero. Then an auxiliary equation is written either by putting [image: image18.png]



 whence, we get 



[image: image20.png]m?* +p,m+p, =0






Or simply writing [image: image22.png]D*+
p,D
+
s
ie.
., f (1
D)






In either case, we get the roots of the quadratic. 


Case I. If the roots are of the type [image: image24.png]m, and m,




 (real and district) C. F, is 



[image: image26.png]C,e™* + C,e™*






Case II. [image: image28.png]



 i.e., both the roots are real and equal, C. F, is 



[image: image30.png](Cy + Cyx)e™*






Case III. If the roots are imaginary i.e., of the type [image: image32.png]atlf




 C. F, is 



[image: image34.png]e™[C, cos Bx + C,sin fx] or C,e™ cos(fx+ C,).







Case IV. If the roots are of the type [image: image36.png]



, C.F, is 



[image: image38.png]C,e% cosh(/Bx + C,)






Note. The number of the arbitrary constants will be the same as the order of the equation.


To  find the Particular Integral (P.I.) 


  We have [image: image40.png]



 which for [image: image42.png]f(D) =D —a=—"—=e"* [ Xe™*%dx.






Case I. If [image: image44.png]



 where [image: image46.png]



 is any constant.



[image: image48.png]ol ﬂa);ff(u)#ﬂ.






Case II. If [image: image50.png]



, where m is a positive integer 



[image: image52.png]2o = Fo =





.


Expand [image: image54.png][F(D)1?




 binomially upto mth power of D and then operate [image: image56.png]



 on every term.


Case III. If [image: image58.png]X =sinax or cosax







[image: image60.png]7007 o)





 provided [image: image62.png]f(—a®*) # 0




.


In case [image: image64.png]inax _ oo Ll
%% = Imaginary part of







And 
[image: image66.png]F0%)

= Real part of

Pl

709




, which is case I. 


Case IV. [image: image68.png]



, where V is any function of x, then



[image: image70.png]





Case V. If [image: image72.png]



, where V is any function of x, then 



[image: image74.png]e
F(D) f(D)
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        [image: image76.png]





 Hence general solution = C. F. + P. I. 


Problem 1. 
[image: image78.png]s.zlve%—y =x sinx+ (1+x?)e*







[image: image80.png](D*
—1):
v
sin.
x+(1+
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Now its complementary function and particular integral may be found thus: 


For complementary function, the auxiliary equation is 




[image: image82.png]D*—1=0o0r D=+#1







C.F. is [image: image84.png]





Particular integral [image: image86.png]_ xsinx , (14x7)s7
==t






  = imaginary part in [image: image88.png]





  = imaginary part in [image: image90.png]





  = imaginary part in [image: image92.png]





   = imaginary part in [image: image94.png]x+f.u"{1 +;3]7‘.(1+x‘)






   = imaginary part in [image: image96.png]+ ]x+fu"[1—;3+?—---](1+x1)







   = imaginary part in [image: image98.png]1+ p 1
e+i+50 1422 —x+]






   = imaginary part in [image: image100.png](x+i)+§f(x‘—x+§)dz






    [image: image102.png]





Hence the general solution is 


 [image: image104.png]y = Cye* +Cye” —%(xsinx+wsx)+%(2x‘—3x+9)






II. Linear Equations with Variable Coefficients (Homogeneous Linear Equations).

Consider, [image: image106.png]L
P22+ P,x— +Py =X,






Put [image: image108.png]





Then 
[image: image110.png]






[image: image112.png]








[image: image114.png]





If we put [image: image116.png]



, we have 



[image: image118.png]Bl

Dy,x‘%:b(u—l)y, x"’”*y(u—l) (D-n+1)







Now substituting these values in (1), we get



[image: image120.png]P,D(D—1)y+P,Dy+P,y =X,






Which may be solved by the method employed in I.


Problem 2.  [image: image122.png]Solve ;‘——x +y =2logx.






Put [image: image124.png]



 and denote [image: image126.png]-




 by D; we have 




[image: image128.png]D(D—1)y—Dy+y

2z or (D*— 2D +1);

2z




.



Auxiliary equation is 



[image: image130.png]D*—2D+1=0






Or 
[image: image132.png]= D = 1 (repeated twice)








C.F. [image: image134.png](¢q + c,2)€”.







P.I.[image: image136.png]2z
= i i1

=2[1-(2D-DH)] .z







[image: image138.png]2(1+2D..)z=2(z+2)

'z + 4.






 [image: image140.png]



  General solution is [image: image142.png]y = (¢, + c,z)e* + 2z + 4









                 [image: image144.png](¢y + c;logx)x + 2logx + 4.






Note. Any equation of the type 


 [image: image146.png](@+bx)*S2 4P (a+ b)) 24t P (@ +b0) 2+ By = F()






Can be reduced to the homogeneous linear form by putting [image: image148.png]ax+ b





 or this can be solved by putting  [image: image150.png]ax+b





 as above. 


III. Exact Differential Equations and Equations of other Special types. 


The equations of the type



[image: image152.png]Py

4. ay
Z+pZipy=0






Where [image: image154.png]P,,P, and P,




 are the functions of x, is said to be exact if 



[image: image156.png]





Or in general an equation of order n (say),



[image: image158.png]Q(x)
"+ Py=

e

L2ip iy

Pn,,.






Is exact if 
[image: image160.png]P,—P,_,++(—1)"Py(n) =







Where [image: image162.png]P'.P




, … [image: image164.png]



 are the successive derivatives of P. 


In case the equation is exact, its integral is 


 [image: image166.png]Pyy,—1+ (P, —P' )y, +(P,—P'y +P," )y, +







[image: image168.png]+{P,_,







Where [image: image170.png]



stands for  [image: image172.png]



 etc.
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