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I. Mathematical Methods of Physics

I.2 Linear Algebra, Matrices
1. Definitions and Notations
A set of mn numbers, real or complex, arranged in a rectangular array of m rows and n 

columns such as



















mn2m1m

n22221

n11211

a...............aa

.....................,

a...............aa

a...............aa

,

         

,

,

is called a matrix of order m × n.

In other words a scheme of detached coefficients ija arranged in m rows and n columns is 

called a matrix of order m by n or an m × n matrix or a matrix of type m × n.
In case nm  , the rectangular array becomes a square and so the matrix having number of 

rows and number of columns equal is called a Square Matrix of order n. Any matrix obtained by 
deleting any number of rows and any number of columns from a given matrix is said to be a Sub-
Matrix of the given matrix.

The mn numbers  ji,n,......2,1j;m,......2,1i,aij  constituting the m × n matrix are 

called its elements or constituents. The elements  jiaij  of a square matrix A are called its 

diagonal elements and their sum as trace of A denoted by tr. 



n

1i
ijaA

A matrix is usually denoted by capital letters like A (in Clarendons type) or  ija , where 

ija represents the  j,i th element i.e., the element in the i th row and j th column of the matrix.

Thus an m × n matrix may be expressed as

A=  ija =



















mn2m1m

n22221

n11211

a...............aa

.....................,

a...............aa

a...............aa

,

         

,

,

ji

nj1

mi1





but 

and

where

We have so far used only a pair of brackets i.e.[ ] to denote a matrix, but a pair of 
parentheses i.e. ( ) and double bars i.e. ||  ||, are also sometimes used to indicate a matrix.

A matrix having all of its elements zero is said to be a Null Matrix and denoted by 0 e.g.

















000

000

000

      

      

      

or 







000

000

      

      

A square matrix of order n having all its diagonal elements unity and zero elements 

everywhere else is called a unit matrix or an identity matrix and denoted by nI . Thus,
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























1...000

...............

0...100

0...010

0...001

In

            

          

            

            

            

It is possible that a matrix may have only a single row or a single column such as

 




















q

2

1

p21

b

...

b

b

a...,a,a and         

the first one being a matrix of order p1 is called a row matrix and the second one being 

a matrix of order 1q  is called a column matrix. A single element constitutes a matrix of order 

11 . In relation to matrices, the number are usually known as scalars; for they behave as 
operators exactly like ordinary numbers as multipliers and hence are called scalars.

ILLUSTRATIVE EXAMPLES

1. 










654

132

       

       
is a matrix of order .32

2.




















401

265

432

           

        

        

is a square matrix of order 3.

3. 










654

132

       

       
is a sub-matrix of the matrix















 

51249

87654

21302

            

            

        

4. 4, 0, 6 are the diagonal elements of the matrix

A=

















 652

362

654

       

          

          

whose elements are 4, 5, 6, 2, 0, 3, 2 -5,6 i.e.

if  ija =

















 652

302

654

       

          

          

then ,4a11  ,5a12  ,6a13  etc.

also trace of A i.e. tr A = 4 + 0 + 6 = 10.

5.

















00

00

00

     

     

     

is a 23 null matrix.
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6.

















100

010

001

          

          

          

is a unit matrix of order 3.

7.  532     is a 31 row matrix.

8.



















7

5

1

3

is 14 column matrix.

2. Equality of Matrices
Two matrices A and B defined as

A =  ija  and B=  ijb

are said to be equal if both are of the same order nm i.e. A has the same number of rows 

and columns as B and each element ija of A is equal to the corresponding element ijb of B i.e. 

ija = ijb for each pair of subscripts i and j.

Hence for equality, the two matrices must be identical in every respect or broadly 
speaking, the two matrices are equal if and only if one is a duplicate of the other.

ILLUSTRATIVE EXAMPLES

1. If A =

















3231

2221

1211

aa

aa

aa

  

  

  

and B =

















3231

2221

1211

bb

bb

bb

  

  

  

then A = B if and only if

1111 ba  , 1212 ba  , 2121 ba  , 2222 ba  3131 ba  , 3232 ba 

2. The matrices 







 43

21

  

     
and 








 043

521

   

       
being of different order are not comparable for 

equality.

3.The matrices

















45

10

32

     

     

     

and

















45

16

32

     

     

     

are comparable but not equal as the element of the 2nd

row and 1st column of the first matrix is not equal to the corresponding element of the second 
matrix.

4. The matrices 







790

512

       

       
and 








790

512

       

       
are equal.

5. The matrices 







306

2754

        

       
and













902.3

352 32

     

        
are equal.
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COROLLARY: Equivalence Relation on Matrices
If there are three matrices A, B, C such that they satisfy the following three properties.
(1) Reflexivity      A = A
(2) Symmetry       A = B implies that B = A
(3) Transitivity     A = B and B = C imply that A = C
Then the equality of matrices is said to form an equivalence relation.

3. Addition of Matrices
Two matrices A =  ija and B =  ijb are said to be conformable for addition if they are of 

the same order i.e. they have the same number of rows and the same number of columns. The 
sum of the two matrices A and B is then defined as the matrix each of whose elements is the sum 
of corresponding elements of A and B i.e.

A + B =  ija +  ijb =  ijij ba 

For example,

if A=



















mn2m1m

n22221

n11211

a...............aa

.....................,

a...............aa

a...............aa

,

         

,

,

and B = 



















mn2m1m

n22221

n11211

b...............bb

.....................,

b...............bb

b...............bb

,

         

,

,

then 

A + B = 
























,     ,  ,

                  .   

,        ,   ,

,         ,   ,

mnmn2m2m1m1m

n2n222222121

n1n112121111

ba.........baba

......................

ba........baba

ba........baba

As another example if

A = 







 514

302

     

        
and B = 











543

021

      

         

then A + B = 










554134

032012

           

              








 031

321

      

            

COROLLARY 1.   trBtrABAtr 

e.g. if A = 







32

21

       

     
and B = 








30

02

     

     

then   trBtrA32541BAtr 
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I. Mathematical Methods of Physics

I.2 Linear Algebra, Matrices 

1. Definitions and Notations


A set of mn numbers, real or complex, arranged in a rectangular array of m rows and n columns such as
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is called a matrix of order m × n.


In other words a scheme of detached coefficients[image: image2.wmf]ij


a


arranged in m rows and n columns is called a matrix of order m by n or an m × n matrix or a matrix of type m × n.


In case[image: image3.wmf]n


m


=


, the rectangular array becomes a square and so the matrix having number of rows and number of columns equal is called a Square Matrix of order n. Any matrix obtained by deleting any number of rows and any number of columns from a given matrix is said to be a Sub-Matrix of the given matrix.


The mn numbers[image: image4.wmf](
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constituting the m × n matrix are called its elements or constituents. The elements[image: image5.wmf](
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of a square matrix A are called its diagonal elements and their sum as trace of A denoted by tr.[image: image6.wmf]å


=
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ij


a


A




A matrix is usually denoted by capital letters like A (in Clarendons type) or[image: image7.wmf][


]


ij


a


, where [image: image8.wmf]ij


a


represents the[image: image9.wmf](


)


j


,


i


th element i.e., the element in the i th row and j th column of the matrix.


Thus an m × n matrix may be expressed as
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We have so far used only a pair of brackets i.e.[ ] to denote a matrix, but a pair of parentheses i.e. ( ) and double bars i.e. ||  ||, are also sometimes used to indicate a matrix.


A matrix having all of its elements zero is said to be a Null Matrix and denoted by 0 e.g.
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A square matrix of order n having all its diagonal elements unity and zero elements everywhere else is called a unit matrix or an identity matrix and denoted by[image: image15.wmf]n


I


. Thus,
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It is possible that a matrix may have only a single row or a single column such as
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the first one being a matrix of order[image: image18.wmf]p


1


´


is called a row matrix and the second one being a matrix of order[image: image19.wmf]1


q


´


is called a column matrix. A single element constitutes a matrix of order [image: image20.wmf]1


1


´


. In relation to matrices, the number are usually known as scalars; for they behave as operators exactly like ordinary numbers as multipliers and hence are called scalars.


ILLUSTRATIVE EXAMPLES
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is a square matrix of order 3.
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is a sub-matrix of the matrix[image: image25.wmf]ú
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4. 4, 0, 6 are the diagonal elements of the matrix
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whose elements are 4, 5, 6, 2, 0, 3, 2 -5,6 i.e.
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also trace of A i.e. tr A = 4 + 0 + 6 = 10.
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is a [image: image33.wmf]2
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null matrix.
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is a unit matrix of order 3.
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2. Equality of Matrices


Two matrices A and B defined as



A =[image: image39.wmf][
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are said to be equal if both are of the same order[image: image41.wmf]n
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i.e. A has the same number of rows and columns as B and each element[image: image42.wmf]ij
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of A is equal to the corresponding element[image: image43.wmf]ij
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of B i.e. [image: image44.wmf]ij
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=[image: image45.wmf]ij


b


for each pair of subscripts i and j.


Hence for equality, the two matrices must be identical in every respect or broadly speaking, the two matrices are equal if and only if one is a duplicate of the other.


ILLUSTRATIVE EXAMPLES
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being of different order are not comparable for equality.
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are comparable but not equal as the element of the 2nd row and 1st column of the first matrix is not equal to the corresponding element of the second matrix.
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are equal.


COROLLARY: Equivalence Relation on Matrices

If there are three matrices A, B, C such that they satisfy the following three properties.


(1) Reflexivity      A = A


(2) Symmetry       A = B implies that B = A


(3) Transitivity     A = B and B = C imply that A = C


Then the equality of matrices is said to form an equivalence relation.


3. Addition of Matrices


Two matrices A =[image: image62.wmf][
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are said to be conformable for addition if they are of the same order i.e. they have the same number of rows and the same number of columns. The sum of the two matrices A and B is then defined as the matrix each of whose elements is the sum of corresponding elements of A and B i.e.
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and B = [image: image68.wmf]ú


ú


ú


ú


û


ù


ê


ê


ê


ê


ë


é


mn


2


m


1


m


n


2


22


21


n


1


12


11


b


.....


..........


b


b


...


..


..........


...


...,


b


.....


..........


b


b


b


.....


..........


b


b


 


,


   


    


  


 


 


,


 


,




then 



A + B = [image: image69.wmf]ú


ú


ú


ú


û


ù


ê


ê


ê


ê


ë


é


+


+


+


+


+


+


+


+


+


,


   


  


,


  


,


        


          


.


   


,


    


    


,


   


,


,


    


     


,


   


,


mn


mn


2


m


2


m


1


m


1


m


n


2


n


2


22


22


21


21


n


1


n


1


12


12


11


11


b


a


.........


b


a


b


a


........


........


...


...


b


a


........


b


a


b


a


b


a


........


b


a


b


a




As another example if
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